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Flexible ?if«s ia o.©iis.%tm«tl®a 
R«3i:t%i®' fipe liss msii In ilffertat ifpm #f 
I 
•eosa'tmetleu for th« last Islf-ttatiiff m mm'* te© @f tli®;' 
»©.S't iapo^tant «»es #f Ht'tsrlM# ptjj#' is ta. tli® e©iii'triaetl9is' 
#f -esl'Virls .aai ;• #tlie.r •esirilisili*. *te« m m 
mMutt it is ttsialli' e&rrv^&ted for 
tis# ©f eQi»r«fat#i*«#fal fif# ai cj^«»*itatsag« 
IB hlffev4r.s.t ^«Bi uttp^iPt mmstmeHm 
Mm grmtlr ia th.# la«t fifty ptars# partieulwlf 
ia« t@ til© f»et tliat it i« nfticll lighter 4a wtilftit tbm. siallsr 
•foaer«t#-©r otJiw rlgii pi|j«Si, lis© it'ts aitaataftotw 
Meatts# mt ©f tra»8f©i?tatloa anfi JjaitsAlstioa# • 
la tlie mrlT isjs &t pif# ealwrt# its, ms® 
mi 3?«S"fe3?i©t«i naliilf* t© tl# »iisll®r waten^s asi toaiBag® 
aat its si*# vmf mlim mmM@4 M ia» is 
In tliose inys th® titlfltt ©f'ftll ovtt* tli# flp@ usmallf 
wm mt in mme 'mmB it m» mwrn tm Im to 
th& mlmwt fmm tm 'Mm l^ai* Witli 
iaer«i«s« ©f the «€ Its tli.® pip# 
•talTWts were mMm in largtr iiaa#%«rs mA "Ihe faelgfets #f 
til® fills mm' •iPemmM m tbit p^aetlemlly 
mm m Imgm to tli# .lift %&w& to© to tli#' 
tjpaffic* •ie#|) tlie emth. the fip©' culwrt Hwi 
©Bit tM mmm #f #srtli ® «i 
«i|a©«iit t© tt« 
Si *«#i im |sy«tigmtioa 
At th# #ayly B%mm msuft of fleilble plp« eiilffyt 
ao sucemsfmX stteaft Kade to i«fe3.op a mtim^ 
for tesigaliig this stwtsr® sftwaiEg to tl» ' Qf 
I 
ii«clia»iea#. Mmginmm p^tfcisf p3.a©«td th#ir if©llari«e sl»st 
ifti@lXy-@a'til® s®rfice ©xperleat® mi .Jstirttioa*' 
la 1^1 !•, §• Spsafl®r (17) at Iowa Stat# Colltfe 
m paMi»lie<l Ijy th# Iowa Bigin©«yiiig 
•Ststi#»» la th® femietin Sf«ag3,» aai«: m «t«s£w .tawiti*' 
gmtfea m strmtttral design 9t flexible pip© • 
mi« ^ • ieaiiiig th& mlmwt§ »tress#i 
withla' tb«- ©lastie limit# Spangler tsta^lish®# m 
f©lTOla for tft# horisontal tefltetion of « fl#xiM® 
mte fitli-leM-eoBiitt©!! to his 
hypothesis is the erit^rioa #f failiir©,©f m 
mAmgr^m^. fl«ibl« eoadiilt Is «c®»#iw i#fl«ctloiif' 
Sfaag3.®r*"f «tmation ga-re a Hong sought f« 
a@tli©ft to dtsigm the rndtrgrotmi fiexltole pip# 
miMin «i« #lsf.*ie %MM* 
*3* 
vith th# idea #f ilrlt 4®«ig» |lf) cm^mg 
tut© pt-actie# mm aaH iaor« It mn tM.t 
m&mtgTom4 'WAA .a,| tiit Mf tartf ©sly m 
e«ftatii w®imt of i«a€ l#ti ittt t© tlit fill# aifM 
mmmssfullj aM ««0ii<sateal.% M l»F©afl^ 
tt« • ©Isitte tial-t# 'Sils k>tli theoretiesl mi 
«xp#ria«stai lfiTtstifatl<a. @f tli# tsfltetioc beliairio^ of A 
ftmiMm ftp# «i*»t wl«ii tli© tiastla liatt* 
Its % «stt®r of faety pm^mt thmm »# s«« flexlMe ,plp® 
ta ,g»e#®sfid. "^elf |B til Mm. 
h^yomi.^ tiie elaitle limit* The i5«tp©s# •©# tills 
immti$&tion -is t© #• proe»d«r# ^ «hie!i It ^11 be 
tt freiiet tfe« i®fld«stioa #f a 
flftxibl© fif# cmlwFt mm stress®# the- #ltstie ll«i'|« 
C» E«vi«w ©f Literati.J*# 
•fli# si^f @f the mmhmi'^s @f tfe® plat ticsattet* 
th« tl»@ry #f plasticity,, it still to a stegt 
WW it *8 foriBiil,at©i, %• 1» t« St#, ftasat 
ijfci •"•• "• ^r9 Mr^ fail .MM w©?# t®aa sg#^«. 
Is 1SS% tt» f ^ aiit fvhmt Is • Mens m tfe# 
a®tlie»6tietl hmlB f&t th© theory of elastieitr# wbi@& 
iiitlttiM ti« princlpl® mt plan# teetlon hmfQT& feditilaf -iPiaal^teg 
film® after b«^isf-» H# aalysat tfe# w#« #xi3Xicitly la 
tli« pfineipl© St# V&mmt vm of tto# first to 
tE© df plastic 1»i:^|,!if* 
la 19©8 wm ffejey flil# Cliarl0tt®iiiw»i, 
Tm^tM ©f m rn^mimmntml ImrmtlgMon stmplj 
l»«s^ at the e«it« vim m loaA 
tie Material iit B#t jlw», 
la.lfli Itei Si«t«Ii it} ttveloped s theoj^y of plsntiis 
fcr &is timmtf fe#«saa« tie Msis the li»it 
4mign »#tM, «f Wm Wm Bt®* la i.f3f <lf)« 
l«t«-p ©a fm itn w®t« a hmk on tlieoirf 0f llatt ,#««%» 
(2§) ia wfedeli fe# ^#ifs It^ Is ftsstMe to 4«i%B a atottw# 
wMcli mrvf l>eyoiMl its :#lesti« li»it at mrt^n 
points mA atill saf# from tfe« #iigiii««yitiig feint iif 
fl'tleh $3' ertdiiM wi.-'ii tfe« litm ©f tfe© ti@teli»i 
• j • • , 
I« ®Is«s i«V0lopti as. ©xpresslou tte ratio 
tv®«i, tite- ii®««st a ttetlaa vMm «€ttaf 
flastie,«ll|r aM th® »«£»» -ralae It iawlops wfces, a#tiiit 
purely «lsstically,. 
•& IflS'l* i* i^^tt Clf) St tA#of 
iiii^«tigat@i €«f«*iiatlor5 ©f 'itivolirlnf textile •|b#lia'ri.@t» 
la Oeopg# •Wl»t«*'' mt C#i*ii«ll Uiii¥#psity, iawstigatui, ^ 
flsitie • fe^niiiii of 'hmm i2X}» In 19^1 M* f« J>aaltl« (if) st 
Stat# €©ll®f© itif#stieat©d ieflftctloa of rigid 
g%r«i#ei til® yl«M fslat# , • • • ' 
I* Itini' C12) I*'.# IsTestigatti tlie pmhlm of plastie 
"©f la wMeii alarain Mrdming was taken iat© ; 
' S# ftl» -iweloped m f#r 'tli# ^iiit«aal ffeslstinf. 
of hmmf m eqmtlon for plastic Iwnawlary 
wd shov&S. hew the aeatral axis position paf fe® fietewinti 
f©r loais Mm t® %# pisstts:^®l.l|r 
In lf%3 Siulio Pi«a«tti (33) pmKLish^ a $©»€«i«iag 
«iasto-plastic flexure a Mt with pronomie^. ialtial eurr«twe* 
Sii 19^5 0» B. Bi«a«a© ani J# X@e& <1) aa iair#tti,gstioa 
m tte gei-eraliaei btiokling proM«a of the eiyetiltr siitti# 
In 1^6 J»* M. m^hmm (10) sai# a #a tit# 
fslatioas i» tii€ theory of plasticily# Bi iiw® f&m 
A*- ©l«y«al C5) g-@ti«al' itre-is««%»ia lawi' ©f' 
©lastioity aM plasticity* In 19^7 A* A, llywliii Cfl 
ptiblished a report on the theory ef plsstieity In tms® df 
stivi© ©f piaitit Voiles witl, stfiiii • 
Ilyttshis. (6) pmMislifid aaotMr pap@i? the coHtiottatioa @f 
the s^a«« t#fic in 19^9• I» 19^8 miXim fmgm (3-^) iis»©t®' a 
•fapep strtss-atrain laws ©f the *ttit®atieal th»fy ©f 
|5lasticJty* In, th© paper Wrmgev mm&m & siirr<^ ©f tli# 
r«t#at py@fr#ss #f tli« 
Si« tli®#i»i®s. @f the difopm&tion #f mt«yials 
fe©y#tiA I&®- «iMti« liait asy bt iiviiti' ,iat0 tw© la 
tlie first group it it tl»t there #»isti a i«fiait«' 
y®latioii between and •wlocity stfais*# i® 
tii« f Ms tic txm*' *- ftiig t!i©«'ty has 
t#T«lopet St» ?#ssnt» I.«vy and f» Mlf#s aat' ia 
•fmmm fey i# I» faylor |li| aat.liis la tii<t seeoisii 
•6"» 
:|:t i# tliafe. ©xtsts » Atttnit# Is#* 
t¥®®ii aa# stoaj-Hi wliteli Is called 'Wm *thmTf ot plaiti® 
i«forM.t£#a* # i&is ^mw •% •!• »e»efc^ 
I» laAai Ci2)» 4» 4# IlyusMn <8) h&$ ilscms®#fi la 
til# »l»tioaslitp of tw> thmtim» «iud #ftaM3.she«l a 
g®tt«irit3, mjy&iMm tm tfe® 
a# tsstBtlal the two theories i* tl» 
f#llwtii|'-..' t© til# ®f plastic Gov# ti® 
lastaataiieotis strms in hf tli® i»at8iitan«€»«s 
strain* According to the theoipy of plastle d«f«i8ati0ti 
tii« iw%«»%aa®©iis • g.tr«ss is If t&® l.iiilaiitiist@« 
•itrata «it hy the entir® Mftory of mXmity »tm$M 
mthm thm W tiii . lagt«t«©oixg mXoeity steto# Is tim &f 
§mh diffBTrnt basic a#swi^tians, It 
»«ta.l yestilts sliottlt eoafira oa# aai tte# 
tfeftory. me »d ia 
llt«r«tOT# wM©li dontrailet the t&eofr #f plastic flow weMm 
tfe# eoMitioBi wtt«h tlie tfetttf flas-ti© Is 
'V«ll smppoift®*!# 
As a rtile, mMljgm feas#i m the thmvf @f plattie fl#if 
m@ mthMit 'iwiams# th# «st tj« 
ty@afe®i m «i iofiiiit# liifl»it#ii*al €liaisg#» ©f 
itate# tn of f©? Isftaa©®* tm mt»' 
«lal feeme® for tfi® aaalyslf of fluttiis 
ts %im Mntixi&ttm hmtwnmi^ tli# ®f 
plastic flm sai tliat #f plattic 1»eoii«s !»*• 
slgBificaat* If fi-tw 'tf th© y#latiw 
of th% #f fia8:tie ^ tli® fset tMt 
a«iital warlcs ]pnt>li«he^ so f« te# la good «frt«»ent ^with. feo'-fe 
til# theories p tMs inTestigatlon lias hmn tefti m thm thmtf 
•ff .pI«S:tie #«f03*wti«» 
» ft#M©* 
f«y littl.# tis»t.«tSia%i#ii. hii« ^®s -to® -m fa? vitli tti# 
idflection ©f « flexible <5iyeiaia.i? rlag mAer dlffdrist iQailsf 
yi#ii plaitit «€ti« mlstB im fh# ritii. 
"feb# toowltif® no literatitr^ ii sTallaHe wM«lJ 
ieal® with til# prwiietioa of clefleetioii ©f s fl#^ibl© 
Mai ^mn 'It i« loai«i dlastie 
si® 0f tills in¥«»tigati©a Is t© #3tablisli m predietioE 
•«Qttai;4#a im .t&# /iaflsictioii ©f a eiretil» tistg tv@ 
m& eotie#Btratea the ting is 
%&€ #isstle li»lt» it fe# &|spr«eiat^ tfest tM#. 
pw0'blm of tfe# ieftt'itMa #f « yimg. sf 
irectanffalar trms stetioa and ttiat of t fl»ll>I.# ©Ircniaip 
:p|f« m4» S'a»# l©afiiag 03r#t« li ©saentialiy thm saat if 
0f Mtal ©a ti« pip# im# ta %li# liiteii i® 
wall# te»' fMs iaT«stlgatloB la priaaftlF 
a. 'tiiwretie&l asslr«is, tli® tosible 'ria® is 
t@ Mm & -wlwpilaf «@©tioa, aai- tli# 
itirf M m line ratlaea* 'tlisa « point the liii« 
,|.#»i. sofisMeratlon »sl:es the results of the iEvestifatioa 
3?#adil|f tyinsferaljle to tlie ease of flexible plfM®## As ft 
t«st ®f the Tsiiiitf of tla# iRT«atitetlois the theoretical 
{loltitiom ototainei tmm tfee fffdictioa ©qmtioa 1m$ !>•« 
%f4th the results of t®»ts on eorrttg&t«i 
plp#«» to til# wrmgatioa m, m pipe trnTmrns t%a mmm% &f 
laeftig, ia •m^h «#listl.#a lisi hms 
obtained fop m eirmlm' pip© of ©qiaifalsat rn&mmt #f Satrtift. 
*9* 
II# fMliflCilL SOLtJflOI OF TKI PIOBKM 
M» Fmdmmtml fbm^rf 
Mm&limA stgasa^strain dimrm» f©r setalt 
wM&h hm® 4&finite jtmM points, tmeli as .soft anaealefi 
womgtit ir.OB| saiM st®el,, ete*, tli© stress•stffata ciirr© 
may represented, tor the purpe-se ©f calcalation as in 
Fig# X* Vp to tM© point A tiit itr#ss and stasia of tlie 
t©st speeiaea pmportiomt^ly* At tlie point A 
'S/nfJo 
S/rain 
til® Material of th© test speciistti yielis and the 'Strain'in the 
special-en • ijaere.a.s#s witboiit say-apprecia.Me incftase'of stress 
in the aatfrial#. flms the stress at tlie point .A r-epresents 
Isotli telaitie l.i®it* and ^ yield pointi of tlie laaterial of the 
test spmlm&n* If the specimea is tailoMei whm the. curv©' 





















fi "8 *3 4» 
1 g 














































































plastleallyf tw Mnds mt »tw%a$ F#il0s» mm .iji#ii# •• 
tilt %m* Ht thm %«f tti W%tm #f tl© «»©tt#a ar« str#ss«f., 
wliieli stm •fml tk« yl«M p@l»% itttsi &f the mrterisl# 
la til#. mm%m @f %h« wetie® th# atf®i#«s sr® •aad mm 
liriftarly fi-^'.pdrttO'iial to tb# -itralaft. A €i«tfiWitioa 
ittgwffl *t tim is showi by fig. 3# It toy iiottfl 
tMt til® styatos'^ mm 8iss»®fi to" b® eonstaat to m plaat parall#! 
to tlie neutral, lurfao© of_the .section. 
w mlmlm me equation #f ewfiratBSr# ia p&lm 
eo@rt.iii8t®s i# iiT«a a« 
/ /X ' ' ' J 
T7T77T7-7 
'.Asr/c/z 
SE^^MFSZTS' iaiaissaeii»sii5^' #|gBg»S8M 
aBB.gQ3ci»&te:ly m a fmetiea. Isilisl ^|| 
1 [4 * ' fin] 
[n + 
(» 
In St* If ^ tailw. ®f ematw#! » wiaM® ra^im# #f 
tk® y-tsii 3f;| » ||if; ** « us w^rmmt % 'ter ^•Tt 
whme r 1# ©tlglaal radtos #f tk« rtsg »ni. f Is 
mi-iati©!! ®f F la tmiltl 4if««tloa#: *y M 'totei &®2*« tMt 
y iftll M a .saall Sia©« t| is a imall 
g 
fm^aati'ty C^i) will i® B#gl#ettA in this 
If* 1 tll®» 
« » 
1 • tiJf 
m m m-Smmmmmmmrnrn 
^ (4)* 
Blnm 
t i f t,| •» If I, * t * t^r •# y . 
H * T*» r • ^  
Ttg » • -iii. • 
#©' 
fhm 
I.«iLnr ^ .±.£. ci»l 
* * f• JL 
•• tty + y )* 
if w i|m«atiti«» lik# art fy*t ®i* 3.® 
r • ayy f yfW 
» y * •» rf*-
r*(i . Hjf 
m *mm %w • t fl^'lll # iX) • !•! • 
i /«.2 
'"WlBMit 1 7* 
• ipy«)(l • ^ ) y # • 
« JL (r* .« 2ry ipy*' #• 3iT * %* • 3y7^)> 
J sm& ig 1,' tkm 1|» 
l*-'' 
..Jl . i 4, JL 4 ^ ,. (2) 
rel^tioi^sMo ^twiaa. the QhauM# lii 










tMt fig*' h m element .K^, ©f ring 'mi 
Mftmmtial lertgtli dg, wliose ialtlsl mMm is r* Attm 
tti# apfllcatioa of l$ii tli® tadims of tt 
/#: If we eonsM«r tliat a plaa# s#etioii teefar# l«dinf 
flatt# fe#Mlist# the £0f 6®st»es tii« tt«w foiitios 
elong&tioa of ^ at iis^mme irm tlit 
Bimtoal emtam may !»• oMain©^ ix^&wiwtg ^ %im 
6» CQ#. ^I'tt Hf* 'h tli# 
«t«nsi®a @f tli# iim«r«)st fll»r «f tlie riisf# Sim® 
C*r*i: arf ©•O*^ .US'#-
la m* Mt VM » •!. « €| #•••» #/°Cl4)l S'C* • 
ittfestittttJjsi f'alw ta Iq* C®)* ^ i#t| 
$gmm * #i X ^ ^ ^  is tl« tm. tte® IB* m 
lm#r ft^i^' «if til# fi»it I » M't MKI t « ^  • •»!» 1%) i!«ii 
wittsa 






A* ^ M t. .ffWltefi. 
mm. M wiMiz i@ Btoiii. ^ ssB M: iteig» 
ii#a3.i»ti strtsf^itfain iiafrawt %&« df tiie iftaff 
itiPtsi iiiti»lteM®» la th# «ai IM# s%mm*»twAm ' 
telatleiifWp a«y to® »fr#s«nt«d «» ts Hfi# ^a.# 
T 
<Vl 
*''/^PiASf/c'/. < (  <  r  < / A  










Wvm tli« «tr»ir« MsMwiMMm iJL«if» ftr imteTO&l 
ii@*®iit t«a ^ miMm « iat^trsl. ®w*» @f t&® 
ri 





f«' i ^ a < iff ® • 
im i# < a < «•• i « s.f#-
-17-
lategratlist witlilfi %&« liatt# m em writ# k as 
Mt ' ri. 
m . . 4 t  
W*: • BqZ&M 4 J 
# 1- i f i f  
ri 
MfS # t / Sftstds 
4f ••• 
• ill 
* 2M0 [^ -$1  
.1 
3 [i . I (iS)* ihm} 
Xt m Si « Sf Si# %ft 
& 
iiaet I S®M^^ ti th# mmmt a ^##taiipiXar mMm em 
&®mlop witb©«t §mm 4ate pi*»tic rajig# «f If *» 
isistlttit® Xt '*• Sfli*# St« f9^mm W 
, • <1 
-18-
t:, UStTMftloaS 
Is tills analysis the follwing assmmptlons ar® *i# In 
the €@ir®l©fa#nt of the ^qmatioas Mt tli© pl&stie Iwhaflof of 
m r4»i* 
fh® aat<aplal is IwotmpiMm 
Z$ Befomatloa of ® I'tog eam#«a W -iiwet %m»im m 
' <sas|53*«ssloii im a©tligf|jX#» 
3» dii# to simmlnf, tomt is negllglM## 
%• I ^lan® #«@tic«i &f m timf before 'fftsals# fi«a« 
iiirlng and «ft» feeadisg l»yoai tlit tlssti® liait# 
% a®ok@» s iiaw Is mlM mt t» t&i Ilait af tli#. 
aattriali 
fli« idealised stress-stFaia tor pm^ 't»aitiif 
r#tr#siet» time strees-styala iiagri® #f WB 
ii»t®rlal* 
f # of ©lastielty ia ttusion #«»#»:s^i©a 
m0 Wtl*-
8, & ying 1® Initially ciy^wlar sat #f naifom re^taapili^' 
#j»»#*ieetioru 
9» 0nly St portion of ring t»i« th® loail 4i .it3r#fs«i 
to ti» plastic rang# of st3?«ss* 
It# •»#• 'ttd«te«ss 0f til® is s»«ll to tt« 
so ttiat tlie nw^tral plane can Im con»ii#t«i 
t® passing tliroiagli its nid-tiiieteest# 
llf. fli«'fi»#e*|jody at @w fof^tion ®f th® tint i®' ia ©imtlt* 
^teiwi til# appltwl loai* 
"W* 
Cm- Miiitations to the Asswaptions 
liSsuaptlon 1 can fee 'SSM to be genemlly tr«#, for all 
practical ptirposesi^ Assmptioas 2 and 3 will fe® 
afproxiiaately trm^ mlj if the tMcsteess of tii# ring he saall 
eoi^®ff©d to its T&j&inSs in ©tlitip ¥©rds if th# risg eaa 
b© csallid a 'tiiiiB ring# Assmptions k and f liave fe@«n 
experimentally -^e^ified* Isstraption 6 is uearlj tru® in 
th# eas© of soft aiiii®€l®S iro^mglit iron, «iM steel, ®tc#, 
tsiit in Wie mm of naterial life© alwiaia, alloys it ioes 
not boM go©i« a©w@f®r, assmnptioa € still may be desiratole 
in eejftaia tjrp© of fsroblems in ofi@r to sisplify their 
aiatli®matieal solntions* 4®tm|>tiott f ii foimd t^ be tra& 
®si>#rimtiitally f©r tli® t^©.s ®f netals «s«a is engl»®«iag 
praetic©# §9o4 wrtasansJiip id.ll «a&€ assmaptioa 8 reasoaably 
tni@* l.ss»ption 9 liaits th® loai sueh tbat In Fig# 6h 
the s®etlan of the ring at tMe point A will not be str©ss«l 
beyond tlie elastie lirait. ' AssmaptioE %Q is approxiaately 
trtae ia the eas« of this rings, AssTmptioQ. 11 will be trt*e 
if at aj^ instant th® plastie flov taking plae© in ray part 
of tb© riag be negligible• 
• 131 De-relopaeat of tb® Basic Hiffertntlal Igmtioas 
Elastic portion of riiM# fig* 6& shows th© ring 
and tbe loading eoMition.. ®ie portions of th© ring witMn 
aagl® fe &m^tm region i wM#li me p&wti&llw ia plastle 
ifaag© &i itreas. As the loaMag syst@ffi is ipia«tri®al with 
PlAST/C POflT/O/V 
JclL 
Pi A ST JC PORT/O/V 
\ 
TmM-pm% %'Otlt' H aat If" axes, tliis riag -froMes esa b® 
anelysftt tmm. tk© tlagfaa of a qMrfe«r of tlie ring, 
fit*' ife ahms the &i&gwm &S a qmw%m Qt tM# rim* 
fmm fig* iife tim gmmml «xpjres#i©a foi? acmsst ®% asr 
feiat 1 m tJb,« rim.f mBki&g m ® witfa tli# torlzoat#! 
aiEls,, m&f wrltt«a ss, 
Mq * ^ Ci "*• 0®i#J "• Mj.# {# )  
ra?cm til® ©qaatiem. of' tli® tlastle we 
G!toa,s« ©f QmmtuTB &t mj section. 
• aQ»»mt de'9el0p®a at the seetioa 
f,l.«»ral riglditr of. tlif s©@tt« 
*21-
%m wtite at my s#etl©» of tls« ^isg 
i  -  i  -  5 i .  tfim. (7) 
If v« put valae of ^ and fwjjB Eqs. 8 aai 6, Mspsotiyely, 
1^* f mimm to 
It '«A - ¥' • fe If cose# (8) 
^ gasllallii Ssste miMm Mi M& UM* 
th.B plmti^ portion ®f the ring «aa l>«p represented li^ t&# 
itutt • «| £ 0 rnxprmsion fof mmmmt glwm 
Mq» 6 holis tr«« at point m tM ring § ^ 0 ^ fli# 
«pr«ssion f&r iiit®mii3. «»•»% ftir@a it. f h@3La« wlthia.. tli#' 
Halt Cl- * £ e 4 §• til# lliiit (f * &} £.6 if* 
it ^ 8tat#i' 
•^Cl »»©) * • K®(| * i9) 
m 
2 fl If m' ,p«t t * ##te * t«ta |.» iq. fm 
* 3 2B Mq Ri f * 
I 4 « i;|.|, ..^p » ^,|, la Sf, fi' 1^- limir# 
B • # % * f 
% % IX' • ^ «ta ^p-^'. ,# 
l#ttii:^ Si. • I# la S^# 9i % 
«• *1 CI *• I 9tn |)® (10) 
It m&f %« aot»4 btr© tlat toy itfiRltioii * Itm wt%M.n. 
tie llait® # .4 m 1* I# a»t*» 0 « ' ®t«B, msOmm 
«,Jt. '©itMf®!?#,: iB ©M#r ttet »i» li trwe, f 'mm'% 
1 tt If# taiow 1|: >3* bb©w If 1 'I®. l#»js t&i® @r t® 
!».tmif' I • I* isita «% e * - J *•» if ^  
wMelt it aliOTri. Mmm it #ss tJ« y«a0©a®i #f 1 
li»i vtttiin tto® i <( 14, i« 
flfi« f#» Tfe s»i. ft jptfMsent ©resf'-seetioa #f t&e riag-
l>©ytioai flastlc Fwif# @f poytloa nf ting is 







I'lii' till fiiiilmii ifii-'rliiiiiiit^i'n Wfli wwtM. m%. 3) 
A B 
Co 
I - ^  ^ ^ " I (3a) 
In S,. 3«, ^8 - wlwro C, - elasMo llalt »teain, 
St limit itp#gs, -Wi, 1 « flattiet'lr 
tH# lilag vmrn fm %• to m*. I* 
S< ' 
^ ^ •* 
m * ^  maA rn^mmMmm #f !• fmm m* t, 
itt itt 1^) « g#tg 
' 
§• X * • •9 • * 
t» I? 
(3«) 
g 'gf'• * *•• 
Wlt« B.q, 3® W 
fAw^-'tt I I# .jtwf 
t 
• -f^» *Ai? 1|^ Cl •* itla §) * •, IMI 
iw l^ttiaf '^Ar 1|, « t is. S|:»- M '*« ® 
# y • f^Cl * S ®ia' *) ® ,» 
C» ^3.5r •• fCt * » |) 
!• SolmttoM 0f the ®iff«reatial temti#lii-
»• llasfei<a sasMSE* eoapleaeiitai^ sdlati©tt ©f ®|# 
«am b# wpltt«Ji iireetly m. 
• Ci|«0®0 » I Si 




Sist«. • C» sfcr * '^^sSae 
ypsrt. ° <«A' > • If ® * <®«> 
If'm iAi ^-i* ii, "ili gtatfaJ..., tf If* i 
'b«©0tt©» 
* C|Sine • %«»#e'4 o«ls0* fiil 
la ft* -15 rtjprteests tte yadlal d#fl««tlTO of %h& ting im 
Itf pwt. • 
f-«gti&liy BiagMe ISSMSS* ^ elastic p#rlt«sa 
t|t» €#• i|;# Sir' 1^ hm wlttftn as 
* C|^8tii0 4 %«#j0 « 
•fke fiirtl«ai».. •«itttl#ii i»i 
^part* * 5^ a»i 
#* plj^QCl - » 8iB^ fi 



































































































/l-N sin^ ytsMa®! 
•Cfe) 
Saiftitotiaf siii*|« » J- • la It* we t#t# 
t. 
/is^ I yi*i si?| • 0 
•It, to •te##a sliew Mfore tUftt * t» t# i«iie# im 
^rfttr tiMt Sg.« C my b# transformed into elliptie intmgml- .^ 
form* efcwg® of farisfele ti 
. Sif% 
t ei»*^ ss siR^f f 
siii'**C I siJif), 
Utiaf til® &!©•# sttbitltmtions :#• iian. wct^ 
'""""'P 
if 
X * —SiSisr 
tumoawt 'tt 'ba ''p pas 9 *868 laoaj setitsA ®* JI 
(»») 
'fP 
•1/ */• + 
^,gT« |>V if 
"CPTT « 
88B03S<t p •tg • C4j"T« f-X)H-H » $,aTs e^n^T^Buns »* il 
- f»T/ 
(P> • i 
C») 
5A i/" 

































ft ^^ f 









• is iialt ©f tli« Is * #@iistaat tlit • 
mlm© otetalned from t!i@ Xmmr limit cms M ab»©rl»4 la 
fi»fi ®i* % #«a "it M-» 
f nSte'^Cv^ siii|) sla|)' 






elB '(/l sin 
•{ ys slnf)] 
If w® tAe »«>» ^a# a ani it* IM «•«» ai, 
^parfe. * ^ SS j-^aln-^(ys sln|)j 
If w# ilii '^s:, lis. 'itiS 1X«, gtawal solmtion 0i If# • 11 
-31* 
€4«liie • ^•1 -"i'! 
, toSBS. f |-^,iin"*(yS oia|)j • sln'^ CX3) 
III 13 jp fepfwwit® tlie racial ^ i«jn#etloa th# rtug im 
its fiaetie pert. 1 a«A f' ^ lit ®f 
«llJ.pti6 tsttp'al, r#sp#eti*f«l7f 
F. 
«iai«i eoastaat# i» tMs »alysl8 «## 
1. ^ at the point A. 
2* C|, %!:# of sliie .in 13. 
3t C|, e0®ffl€l@nt of m»e ,ts It 13* 
%:# C|, to# eo«fflel.«at tf tiite 4a.. It* 12» 
5* C%, eo©ffiei0at #«© ia 12* 
6f #» mmm-^ of tli® ^lastie foiiJioa of ti» 
|s#« .ftfi.#. #« .aiii €t>)* 
•i* MWA$MM» 
tt9 »adltl#iii. -iiaslfals ii»#t 
1. it e • |, - 0. 
2. At e • 0, « 0. 
.It 9 •* ^ m = 1« 
*32* 
km 0 n tp * !»#. li«to-pia8tie 
i«d@etS.oa « ^Jastle 
«r« . % 
•lope « iilastle slisp#^ 
2 /tfl2 i©2 m* 
» #l®iitie durtatw®* 
1« of til® Canstaati 
euailtion no# | «tate», m*. e * J * «•#• « ® 1# 
Is ii.* ft tht 'ifeftittte m-0 3» ftt 
I • I * ^ Cl-sAa #1# Cl.%1 
, ,. «; ^  (I'SiM «> * %» 
Using of M|_ tmm w# ean liavt 
% « I + ^  Cl-sia «)• 
mnMtion m* 1 «% e « J, |^'« §#. 
Differtfitiatiiag If. 13 r«s|j##t % © int tewi 
Cieos© 4- 1sin71 si33|)| 
. SSffiiS r sjU3|)j • sln2f» (17) 
*t 0 « .|^ ^ 




«onditi« a## t #t ©•» ft » t# 
Blfftrimtiatist ft* 12 with. r«gp®«t to 0 ve get, 
%# to i 
* C|Cos© * Ci^sin© + (siae# cos©)« (19) 
At e * 0, 
C| 0, 
Cs « 0. (ao) 
ioimaary a©# % itatesi at e« * %# 
AT © A CJ*«) #QWTTOG ITS# 13 8»A IT, MS, SMFEITITTITING WANM 
#f % iStg*. IS t#* m'Mmm 
Mim • ^ *E 
JM 
•^|/f 
4 /|#f flat 
• CS»^)e0i«t 
or 
Cjeos® * Sim • * yn* I 
4 sia^C^^) * C^9im * Ij 
.3 fl«. W* * «».• 
eon^lition so* 5 states t st 0* 
.|.t 0 » 'f^matiiif '^s* If' 





















































































C^sinaeosa # * 
X 
y¥ l/S sin-
yi*W§ia® Cf*§) **• ##§•••« 
* cj-«)sii»#®:i« w t* 
liw smWrmting 1q« 21a from Sq« Z2& bM s«l>atitilting valw «f 
% if m.ljav# 
* •  
% ^/l-N sin«(^-^) •Vl-lj -f <l+slR^a) -i-
(23) 
Si«il«lr, laaltiplring »|, 21 Ir, ^4 22 ^ ilutt 




F iin(|-|^ -211 ^  sln^^^yi «inCf-|)J 
4 • C^*®l * »• '*'^1""" eoitit 
.ff#« lQ« 6p i»m Fig. 6I1) ea» !•© ©::^f«as«i gn 
im 
% - f - %. (68) 
Using 'tai:®# Qf tmm ]&}. ifw# t&n wrtt» 'li* ••«•• 
m-^Mm # %». (€li| 
fcv tf ext®raal somemt %, ®t, th® |s®4at B 
iBm fig* 'M^h can M fomd tt . 
liaai- slit of  ^Et# 61?  ^ wti®r# Pjp «i S3?e kaowi, tli# •w^slii# 
»f ft. i.:S» ii.' ttltfilatei# 
I* loaiflestloat #f Mmmt .ifaistioiia f#F atof 
»« l@. til# Clmage la' tt« fM.» Seal 
By tiieori- of elastic d^formattoat tli« well teow 
©tmtioiis f&T th« hofiKjntal a®d mttiml racial itHectioa 
# f  . m  « t e ^ a r  r i n g  a c t i n g  • • f s i t S  © p f t i i t ®  m m  
e«iitrat;®d line loadaasNg^ flT#a If 
&jjCIiorl8») * »0683 (25) 
i^^(Yert«) « .07^^- fr. (26) 
iqimtioa® a5 m-A 26 ttty otrrlcrtisly repr«®©at a ft»i,glit 
lin« i»«latioitt«liip Isstween loaS aud ieflectlou# la tM# 
4.«*lfatioa of thee# .:ti«atioii« It Is Il»t ,tli# 
$# tli« fiiig' iffladT tfe# loufi do«t sot •^m$0 appreclafely 'to taa## 
#•38« 
elMmg« •til til# fe #-tli#ir •'wtris t%. 
ii aa«tia#i llitl tii# mmmt at amtim rlaf 
li t# •tte- appltii 
'-Defkchcf 5ha/>e A,=-377^  ^
rtff-a. 
if S|:i# tf «ai- ii whicii fniitl at 
th# peiats ..I and W to# ®x|^r#s8«d ta ^rm mi t:b« mmmt$ 
at «»§•. poiatSf M%&m 
% *- .377 ^ 
% * S ^  * 
<2?a) 
•C2$t) 
M 0Mm' tfc# of t&e to, g'®®s«tiy ®f tM 
Mm ®®!a M tik«B tsf# •©£ |:i## f!§•« B), iilght .•»iift«atS.©a 
^ i i ta ,ii«. mm M ^ re^M'^Mg f W t*» 
•39-
kj • *2^ If %# (26b) 
|l»«ili to ^1 til is not »atli«»tl®«3.Irt 
iitiW «slos®i* resmlt® t# tli» txperlseatal data tliwa tli«t ©i* 
imm Mm* 25 S6« 
W# f. Bwfe# (3) toas S®¥#lop«S soM ctiwes tmm nfelete .1^ 
m^. «f i ifisg mai? t>« i#t«3pato# wlita meting mitr tw 
ma& QppQstte lis# loaSs, nfeis tfe® itfersi^ ylag' 
is QomM&mcl b# #lllptical Ct®# ftg« 9) aat stresst® wltfela 
I 
Wmm iwl:«*s gtapli 
















fli^ e approxifflstiott for a as  ^ "b esa b«., ©Msiaei 
wli#r« Ajj iky ©®a ofetain  ^ fmm Iqn* 15 aal 26 • ti« 
^#ii ®i-s# tf •aol ti, % % #«i be mi. flaaliy 
sirf Ay e«R l>0 cal«i3.at«i fro® Us# 2fa aaa 26^# It aaf l>« 
a#t®i. iir© that ana i&y »ecoi?aiag to ow prwrioof 
i:a®#Etlallf f at tt* '«i f mt fO®* s %ttt» 
«PfR«4»atioa tke 0p«ratl.aii 
from it# m mm 
l^ing Mai wMeti •itwrnti tit# wim «®lstion at tft© t®iat 
M !»«« Fig* 6) to its elastle Halt* 
t • 'W ^ 'Is « 
^ |3.*itiiS'j f ^ i;®! 
I>ef/echd S/tap^p 
Figt-^/O. 
ftgf, 10 mmiimtm 'pm$Mm tli# 
iriiii 1% estfi ^ witt®a 
% * f * %• fit) 
In IQ* a9, i»4 • w ^ Ti* ta « y * ra« It m pmt -tlaei# f'slnta 
#f % loil iTgi 1^# tf 
% * •§ * M $ »  
or 
« ^ .Cl*tt»i.| *• % • J -Ctft) 
0o^ai?l»oa of fti®» 15 ^ 39a sk>v# that 'tte® ^Mmgrn M 
gmm^try of tli« ying iw ^to' Ifc# Mwi #«»#« ». &t 
§ i f g ^ f f M i m )  im J%». Aif Tg yg ••mm m mpi^insil 
fg • fgitM » '§Sll»# 110) 
fl»isgfc 'flh# stttof'iltmtto ^ ,Ii« It i# »#% 
fr<» aar it glv#8 a elo8# -result to tk0 
f«tla«iit&l vork mrM <3)* 
fgiag fym if*. 3# ta Sf» tffti *« fit 
% '* 
% * ^  Cl*|ii*l' * *§« I3i> 
•*%2* 
III* €»AHiso!Js OF its mmmtTiGML Bowrxom 
MW. MMMM ©» »ifS §1 MEfAL FIP,^-
m til# tkmmtiml tolutloB lis® b«ta »8s«ttti«dll|' 
fm a this ciyenlar ring with reetaagtdiai* section> fm- ttet 
;f«k«. the test data m «®f«gateA pip»« w^m 
I,ffiaflae4 to fee fro^ a eipe^tr ring with reetai^lat ieetioa,, 
wbose iio*#iit of iaertia of thm motion «ti Besn. raSiui is «a«» 
m tb® pipe, fh# bails p^pettief mt tli#. 
imaginary ring, .moh « P« in w«, were ofc-
tfm tk9 gr^h plottM fro® tli® test i;ala #f tts# 
«orr«sfOEBliinf eoryt^at^ pipe# Wlitlj ©f the Hag Is m^h #W« 
was mnnMm&S. to fee laity* # 
M» mTwm^rn^m. pip© ®# $$\ in* aoalwl.' is# 
plat© tM.eto««si eorragatioas testisi 2 2/3 in# piteli taA • 
3/2 in# d«pth* 
til# ftiltts ef tb# tint! r « IB^3 ia« • •• 
a# elastic lial:t loaA fro® fig* 11a, F© « 100 lb»«i 
* aBl? » tm 
<33) 
Witm lt» SI w« mm s^'if # 
Oifai Ha w % *• ^ i»» 
?»» fit* 11a tkt wm%iml t«fl«etioii @f tl»^ s^Usf 
fey «liiitie iefoimtioB ^mww it • S3i»< 
»lof li|»_ t4 w i#t 
• H' 
^ • •@0§S31» « to « 
Ir • •'*^2® • '^ '59®-
Wrm. $h m. Umm 
«lw • It* 
' f»« m* 33ft vt fetft 
fmm fBUM a mm f « 200 f®, % • X»# %# fill* 
'.;, -'^  i f. 
mmiitum #f ,^it 33® ^ Mm® 
1.W «, . i«2|a!S •I"" • «. / 
m 
Sim * 
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In itylvliig Bt* 23» iaslimi iai« valm« &i 
iwm It# If li Its elmm rnlmm %§ takti* fmm 
5^-i jAf WW .glRi' 
% • *73^1 4- mm* . laifti 
iisilajely si-iag frm If# $1 «f If ia, 
tli« itMiration #f »!• th if# itt* 
e, - f ['\ (yi i>ln{|-fV 
- 2l| "toCl-ll • 8r ^ 
at •# »• i' iii^ I# tipwiei 12 « 
If w« Talm# of tvom Sf* •• It* 
.'In Itto, la te i# fsfoifi •!!„« tS |*i la tl* 
wMl® Gil will b® o*btaia^ fmm 23it» • 
4f8-« 
«t i * f». mf M' Eq* l| m 
- 0, ' ^  irj^.sin' •{ys m-
Si* '11% i| t# it :&©» 'it# 
Integrals m% t® he ®ir«2.at^ from any staalafd tables of 
integyals C'S» 'ta f4toi« 
a* 'Wim 'M&A f a • 
•®b®ii f»9a Eq, aja w» f#t 
% km 
fflli ft#® we liav® 
St - ^  p |^.sln"*(yf • 
fir* , Hor' 
* w-f -ir • 
•fstag- tl® •df % «ai 01 as ^Istniati, aliom *» ftt, :fi« 
!»• 
^ P,r3 
ittbi%it«ll«g #f it* 33« i^-
m 
Wm m*: 13^9 
' • - I ' « f 'f:^"'""''-®'i'I - = ji-"""!"*1 




• •01'w 't'-gl""" • <35) 
lottf At F « F® t&t "ral«# for y obtaiJi#4 froa I<|g» 3^ 
«ii 35" i® ««««tial,ly tii« s®a» m t&at iMcfe my 1» obtaiii^i • 
tPmrn.Mm* tf 'Ml ti# Is 
«i f » P® tlie ringp tteiifli oji t!i« ?@rg« of going iat© 
plaitle rayEs^« Qf stif«§s, still elwys Ho©k#*s tow*. Bas at 
t • f#., both tlj« tkmTf 0f pl&stt^ a«f0m«ti#a mA 
m&my mqmllf mppltmbl^ t© 'lb« Hmg* flm 
siga iii It# 3^ IMleates th% d#fle@tioa is 
itm til© emtm #f the ting tomti-s th# 
ms &$ 
b* ¥li®m .f « 3l»05 Pf, wing If* 23a sM tAing n»ei»ieal 
f&etow fiw^m faM^s 3 aaA ^ f#t 
% • *3*n5|yT5r5EAW • yl^^j • Iff x^»0X98 
« 
% » tfllf, 
lew wtmg: §m asi f^lms 3 ^ g«t 
m 
Mg «• S,O0. 
•'lS^«a ia:|jai %t% *# «@t 
f#»i * * #00^28 631 
m 
• ••ft la* 
ffes a«gatlw sign iMi©at«s m fiefltetloa tmm "te® .e#nter« 
Mm mim Mm 
r^« 2,055 x.963 |i»250 - x»956^ 
m 
ls». 
fw loads ^  €)^, 'iiai 
eslealatfi* FtsiiXts are giT«m ia fable f* 
fafelt i s^@w». the eotspayis&u l>«tweeii ealcmlatei iata 
•«iii tfe® titta.# 
1» §©3rt^ ttii fif# ,#f 36 ia. a@aiii^  I 
#1^6 4ii« pl®t© esrragatioas ks-riag t !»#, 
piteh aal 1/2 i»» • 
aTerag« ra€ims of tm rioig, i? » 3.8# 5 im* 
fH# ©lastle limit load trm fig# HIj, P® ,* X5t 
W 1«« 33«'m M© » 883 Ih* is, from fig* m 
the vertical d,n«tlon of the ring Ay. 1»y elastic deformation 
thmsf it i»25 fe* 
isiag l|t. 2$'m g©t 
#07¥f %a% 
f #%3.# f 
r c„ 01 'Hf®* 
m 
t»31§ a.05f ••ff *67 
lacr® a.i73 t»iao .72 
la^n 2.2i© a.tio -•70 ^ii 
a#33a 2,a9o *.7^ »8f 
i.3op0 2m6 2m --s^ 1«06 
s.^0 2,700 -laa 1.31 
2mi 2*79® -1»32 1*%1 
fmm i 
GaletiXated data 
^ '  e t e n g e ' i n ' ^  
fM* JLb ia. , ^*. ta ta» 
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l%05 •113 • 112 •le^ .103 
38.? .230 •227 • 213 . ,208 
^•q 
.336 .318 •30S 
75.5 Ml •w a25 *k07 
90O • 55^ .533 • 510 •^87 
100«F® .619 .590 .567 .5^ 
105^1^ 053?© •67 •620 .59 .567 
llO^iaoPo *72 •6^9 .65 • 5^ 
115«1.152P0 •81 .678 .70 • 621 
120«1.20Po .89 •708 .76 .61^8 
130al»30Po 1.06 .766 •89 .. •702 
l^l.^-DP© 1.31 •st5 1.12 .756 
lk^l^k$Pe l.H^l 1,32 .783 
•mm .M- 4m 
* l^s«tog ®t-« 26 tosms all 





19.05 •11 . 
38.5 •21 
57.0 .33 .30 
75.5 •if5 •%1 







139 1.28 1.03 
15^^.1 1.53 1.23 
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5'-0' 9962 •087£ •0076 6756 •456  ^ /434 4/55 69/ /662 
7-56' •990  ^•mo •o/so •6565 '43/0 /.432 4.850 754 /.775 
/J/f /o'/d •9843 •1765 .03w •64/7 •41/6 /.393 4.360 6 / 6  /.673 
/s'-^ se' s7j9 216! •0476 •6258 •6909 135/ 4.440 880 /.986 

















65-43 /./e/  •9s5 /.307 /.0/8 -6/27 
/•s^ /.332 •7506 '2.590 7d''22 1/6/ s6d /•407 /.084 -7.778 
/.3  ^ /.369 730s '2.ss6 46'-56' 6/-2a 75-28' /./62 960 /5/6 /./5? -7469 
y.4/° 14/0 7097 -2.545 4m 6/'~45 65-4' 1/8/ •990 /.737 /286 -7.225 
fftbi© m 
p % % rt«oto* 
l*Wk ^#61. •1«52 • 
if* 96 •1.7^ 2^00 
5*25 5.3a -2*©2 2.36 
%M^ 5*1^  5.70 •2*78 t»7 , 
Table 11 
iaia" 
' elliaagfe In" in Mr* 









0 0 0 0 § 
•206 •20^- .190 .188 
5i.m .Mf8 .^32 .M>9 *398 
77*83 .682 .6^9 .625 *597 
102*8 .91^ .856 .838 .782 
123*7 1.119 1.025 1.020 
lifl,7 1*295 1.175 1.186 x.oa 
15O«?0 1.385 1.25 1.263 X*15 
16$«1.1P0 1.^ 1*375 1.^ 1.265 
l80«1^2Po 2.00 1.500 l.A 1.3s 
19^1.3P0 2.36 1*625 2.02 l.^f95 
210*1AP© 2*7 1.750 2.78 1.610 
* jajhi^iag h&lms alj 





• ,  0 0 
2V.5^ .19 .19 
51*88 .ifl .^1 
77.83 •63 *63 
102.8 .85 .75 
123.7 1.06 *97 
1^1.7 1,31 1.16 
157.5 1*53 1.3V 
170.0 1.78 1.% 
180.2 2.03 1.69 
196.^ 2*51 2.00 
207*5 3*03 2.36 
21?..l 3*72 2*75 
if« w fffi 
wm «ttli i?#s^ti' 
&t t@s1;i OB ©ormgatM ftp# the eerrugatei pip® hm l>«#m 
to M a. plane circular plp« villi m ©ftiiwltnt »«»al 
#f tf *h« i#etioa» fli« M ®# 
^i&ii hm h»m AtwlopM priMirily t&r m eimMm 
#f i&ftettiom. «i»r»et®r4itits mm the 
as timf ©f a pl&m tircttlsr pip6# flit eqialTaleiit i»a«t 
#f iaertla of tto a«»tiii@ii plsa« ®ir<stilar pip# Ms tetti oMateti 
tk« t'##t ifttik #a -tefe# ©orrttgatM p4p#» 
Fkw fig* lift aai fig* lit? it aay M that tlie 
'^«0r«ti@&l ^m.mm €x®i«ly wim ^  iitt** 
fftftiotslarlr for tit® liorizemtal, tefleetioa %i Cs»« ftf'* S) 
#f' ring* "t^ ' |»rtlo» #f 'tto ring -ioti-ast g© liitd' 
flastle rung:# of ^«r- tlit appli^  l#st» f®r t&t ftrtital 
A#ll6otloa of t!i@ ring th,® tte®r®tioal solmtioa tls# mmpmm-
mw^ 0%&mtf to tet iat* «x@#p'% im Mgij 
tlieor@tiii«l seltition fi¥#s a 0it&31#r A%flm%%m 
•w^mm tlis dlstatii«i iwm tm% resid.t8# la ^ ornpmimm 4# 
tli«#r«tlsml •itMlioa for mMml i.®flmtim @f tb# rt^'.. 
mw§mm§ tb® t#at iata favorably np to a l©®d »f 1»  ^
'is S« i% vtth tte® %#s% €atit 
fawrmblf t© » l#*i @f 1»3 p©»,. Si« la tli# rasf# 
## Is tWT possibly to tlie faet tlimt tfe® meKti-
fleatlotts ia tlie ©fuatioas of mmmts CS@o» I# 
II) Sm tt#, r.iag' i«« t# tlie clwg# «f Its 
^d«p tli« loiA> €o«s aot wafora closelywhot# t® %e «#%«! 
#i»ditioiis of til# flag high#? • mw^ Wmm. • 
1.^ f® ill a aiss 1«3 p# coi^arl^oii b«- si© i®®4 
on tIs# fiag mf te i^oli tlie thdorttieal tolntioii 
vltli laie ittt vlll m Wm 
A^tlmttm mt !»«#€ m Its railmt* i M$hm p9mmtm$» 
«t fi lo»»r tii# M vMcli tti# 
solution tl® t«st iata ii #»|>«eted to give a 
•t^^arisoa# 
f. possaiLifiK OF ffiE izmsioi .ar siis sb  ^
su- fmmsb fl»'cw»fsto fii£i>-i.w -nwifieii: 
m tlt» if^eXo^st 0t tbe theory Is iatti gmieral it 
$9ms ^asitole t@ tfeis tbepry to flM defls^toa. 
fl^xihm ptpm miwmt§ 'ma^ fieia load if 
«y l» r«e®3.1.«i tJi&t ia ^o, aoliriag' th# diffef©ntial 
iiimtloai 1#® lisi %# Qomldmr the mmmt ©t^stioa &f the riag 
•mAm l©i^» la •«€«• s#C« solution g®s®ra3f ttiftt £« 
to ask® tbe solution appliealile to thm rlag for all 3.©a^« 
P4f #9 to- « iaiistaiit -efiatl©!! im 
thm ring tsM#r X0al;», Si® eoustasts of mu ti# 
•ifWdaatei, :ta. tl» ««# t^mm m 'km ymti tn ^ii «a3jiii»: 
&g #f eomstmt mmmt €m@ m% 
feoM is f®aXlty, to to Wm smemslm sMm$% ta $mmttf of 
•fet' ftai» Hioiifleatlons Mst «•## ta tit s»*»t 
of t&# aaaXysis), %mt%T$ t® 
talittls'i®' spproxisftte values im the a«fo»«lioa- ©f the apiai' 
mil#r fl.©M is-ii #oiilitioai« 
•fh# e®r3?«spoiidiiig dlffw«itial s im tli@ soXtitiQat 
in ©f fX®xifelt ttaiet field lo©4 m^HMMm^ mm 
to b« mt'% invol"^e<! iiatli«attcalXy, tat a preli^teia^ 
slKjiff©a that ®ir#n tlielr solution «aii tee «arrl#4 #mt. iri'^ 
wm 'totlf sf #lxip%t#' % ««».«« •laciat.fie&tioas 
in tfe« 'flsXi XtaA c»Baitl«sas» 
WW"* 
a 'btvaf ®f wm- solution :-itm'tt® eoafss'j.sita 
•^th t#st iata ©btatBei plp« 'Wm 
folmwsm. mnclmmm* 
1} torsmlm 4m0%&p^ i® aatisfact®ff €qw 
AeturMmtion of tti# i#flectioa of eirculsff rtufs 
mtiMg 'wsim tv# «i««l 'm& ©jpposlte eone«at«t^ tmM ^tm 
l>©|md til© ©Isstle llMt# 
t'l fh@ ©an be spplieA^ t# itteiwiii® 
#f s fif#• saier t&e'' t«i® M^teg <i#iiiiti©iis Isy 
ftSfwi'Sf it to l» s plane eire^&r pipe ultli 'tn 
3l fet «ii«ige In #f tli# rJjig taidw load 
tt® wjatat tfaatioii$ sufflsleatly to ai#«d modtficatioaf im 
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k) fh& theory #iiaM®s om to calciAlate .tmtial it* 
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•'•^« 0^mm mb' gmm^^ t® 
Mr. M» 0. S^aiigltr# Frofessoy Civil liititte.«i?isii t# 
Br* ii:«i pjrafessior &t fheeretieal m& 
'iiflisiilesi *© Or» B§ !• S®tli, flsiting Prof@«f#ir' «if 
Mfttlieisaticsf to Ur. .1# 1* 0a®l£ell, Prof^smt #f 
fm mmti' wmw^ m^tsi m3g$^st$&m vm&h telfti. 
Utt# iaftstigatioB to its siicesssftil eoapl«ttoii« 
Hi; It wmjmnmi qw a fmmmM cmmmi nzm 
mn ta fts mn «iiif, supwiwi' if m wm 
'Sie W$%^ #f 3p4iif is Bh&Wk ta 
fig. 12a» As th® loading systea t# gywrotpleal to II »!«# 
m inmBtig»Mm m a. k&li #f &m tlsf i^ll f»* 
*«*3. its ttupl®!#- i#fl#cJtio» ' fig# iMh 
Bhom mi® fir«i bo% dim^sm @f oa« Mlf of rlnt. 









•irea :fii* • Iti til# gmm''A tm mmm% mt mw 
•pmint B titt ^  wtittm m 
u * ig • &(i-cost| • • 
m 
* » wr\si^ • f*wc§sl^i#«s#|# c3i), 
imt tii« ®f the leading 'If «1» 
te?w Shisi tsagsats 't@ @i# 'fiag Itii# rwsSii 
«oataX at B anfl C» ftsifl tii@a?ef©r» tli,® stamtton #f «g|« '^kauitt 
e ««i b w«i to 2° * ^ 
of Flag is » 1^# fiaal tht llMts i mM 1 
llalti §• •• i ana i * * rmprntimly* Wm& m 
guro. i-4at#ii- sj- ieag t^ant ia "ttil* 
f&a® m towt 
n# 
/ • i, 
-'i 
la 1i|.«, 37 pttttiftg tlie Tal»© ®f M froa !$» ««• f«t 
s% ^ a'ii^eoat) * w'ifsias ^ t\c§»lai»l#<s©s#)jib » 
m$^mm m* sfa w i«i 
« 2t\ * ap». 
im© to Um of tli« loading $jstm a^rot tt 
'm tomw tlmt th# poiat B i®«s mt h&m any li&rlMatal 
wt^  m6pmt t© th« t&ngent 1» tli« ring at C aal 
t&mp th® smmtton #f hoipiaoatal TOT«®»t l»tif»©m e > 
^ml 'tt £v wmt tfttal »®»» fli® iilTtr t^SaJl ltisi#i #f 
9im F * Malt® € Md 1 
lifflits # • 0# iiii^  • • ft « tocnr 
.«ro, Stnes ^  1. «»wt«nt to thi. 
mbm w# 
j" « t 
w" 
m§ * / «-if. 
'f 
flue® f «qttals mm ^  »i, 37* we 
r Heost at « 0  ^ , C3f) # 
ia If fmttlag tM -ral^ . »f 1 3i -gai tl# . 
rmXm of % frw' 38, w g@t , 
* wm-m jm9§ €#•«»' #• :c39a5 
% 
EraimtiBg it* 3f®  ^get 
C%§l 
*' 
this I ia lii». 3® m 
f^* cistti 
tS'tag fsliits tf M .1^ trm ^ 1% ia.'Jt# 36-
m tm wim - • • 
• m « rVci+tslai^sltt»4|eog§)« 13^) 
f ©rtl<3al 4ispl»€«ata*l: of t!i® paint 1 t«ig«at 
€pmm t® 4®fl®etidn $mrf9 at C wMeli is «-« 
w» 
. njl' 
2Ay * J^ €« ••• l^tf ^ «ai S 
ffpr»-i«it. limti # » ©t «i, # * ji ' siito«ttlstfai, th#®« irajfws 
lii *fli« m Mm 
jq ^ ««ia» t», {itl) 
tm :»!«: kX !&«• mtm ©f :St« m Mm 
•T 
Iq# l^a w« $@t 
^ j" y®«<l+@si»t*^sini+|@®si)islaidi« |%la) 
ssiy - -.«?>• <te) 
Si© la It* %t -as'sfts t^hat tte-4«J0L6etio» 
plm©@ ta tie atgsttvt f <llr#eti<ia. 
flit &0»iisoat&l of fb« poiat € tmm tte® 
tmgezit irmn to tli® aeflectloji eww« at A is #« 
r . »•• , a mi. f l»ti 
i' « wA 6 • §» rf«f#ctlir®3.ir*. 'Puttlttg „f- * »Cl*«@s#) smi 
ii * 'fit Hi ttt. 
^'' r ^  wi«^o»»)d8, (%3) 
la it*. ^ 3 flitting tl» of M trm »i. $$&, m- 'bm& 
4 cv3.5 
tfaimatlag^- bi. %3a. #« g«t 
• ' • • ii. 
« #28^ ^  • 
•^#a. t^« totidL -©iiaflg#' im tfet tmwimntaX tiwitlNSt will fei' 
~ .5708 . (la) 
A# itHteiloii #f 1 tttsEim® Coytrngit^  flit #f itwteftl 
' • N' 
i%#«i d|i«- t# tt« Om Support®# al tM 
Bi® tiai" aml^ rais mfi# la^AfprnilxI will b# wmIM in m»m 
&i n fl«tw.e ftf#' if tk# of m3M 
69 
m tiib pipe 4.%m t© tti« hm neglected# iji tms 
«ff«et will te • taoitgh to M negllgifel## 
ia ®si# #1* :fe pApi' f 
Is# OQmMme^ to l» tli« iieaii miiiss of tli« pS.p®» W is tli® 
weight per iii#li lengtli of tM ftfe-fir mit 
seasw®* I t$ tlie mm@mt ©f iaa t^ta 0t th® 
pipe seetloB pm Ineli length @f the plp^* i is tli# aodialtii 
#f ©f tbt fipt 
®* !• C3.6> ®f jkmm Bralnag® Prodnnti 
iii0«slatioa, te s stepl# sfe t^flit lint fomwlt tm 
ih® ®f iii#irtlm f»3f istl lasgtM tli« ©row. ©f 
a #&rimgated pipe ifitix •eowiagatioEts 'lisiT'lag' 
a ia* flteJi airf S/i in* fiwla li , 
t * of the s«%:sl in laeMs# 
In itMS«4 '^ ori*«g«tioas,. a slie«t of mttai a«aswirag: 
af#f^ toll## feite© t5#5 Mmm &itm 
wrmgatioa <95* tli© lengtb of tlie s#tal @hmt pmw imh 
Itagtfc mt -til® eo3?ragat«<S sli@«t iriil b® * i#07B 
tti# mlirnt 0f ailal iaeli' of tli# at#i' 
fif# p«2* iiieli df eii»e«mf©i»Mtfal *a:Stii«© ism fig* 13) Memm 


















































m m , m  * . « »  
h fys- jno^ey rhh^r^r4^ cu. 
3;*^ r4 m cm roi-\^^£v€^^^ in 
m j^ltl hi cm 
€^0©0<© oooooooooo ©ooo 
®jma^sesaggiigg8g8i 
«t •>. Ilk ». 
»h h cm <*v}-''f^svcvh^ 
H O tf\O Us o Vn o V\ O o'ifN O ^  O ^  O lr\ o h w w in^wooco onovo 
r4 
/^AD/C/^ or A rl£x/bl€ COfiWOATED p/p£ /af /afc»£5. 
'iii isasnc bwwfloi 'if & bkimis wmw%mfs& 
nm mm a umtmm mms zom comttim 
M th® followtsg .«islysis gpangi^p«^tli«8is 
• p* 26) to® mm s/litii# f« ©f 
©altmlatlon## In tMii »3difieati@tt tt i# «isiasi timt tli# 
mrtieBl prmsmm on tie mi ^ttoa of tfe« fI#xlMe. pif# ^ 
S0& •laiiforwly 41«fei?llmt#^ :$m fe0rt«0Etal • st tt9 
-lUii rf tb,« edM-ait lm*iiig Mmir vMth 
^rimnt&l' pip#». , ffe« teriTOntgl.' ft#»sw® m 
0itiier »M« of fX®xiM« pip# is .eoiisMwetf •%& 'its* 
tri1»at«4 0Wm ^0 T»rtleal planes.. In a trlsagulaf • ^ 
1ft#: lioyijEontftl prmew0 4s s 0mf th® hGTimmMsl^ 4i^m* 
tor 0t the mmAnit mA smo at tli@ top aM bottom of tli» 
eoii«Smtt# flit mma.mma, lioyigoiital pr#a«i»® if r«pr«st!Jt«i 
• ii the »aatil«s of passiw p'@8swr© of t!i# sit# 
,fj.il|. iM „jS ;^ i« th® hgylaontal radial i«fl#etloa of thm mm& t^ 
jS' JM-' ^81 1p!b#f 
Itet iisteilmtl©a of pMssm*®® «?©«€ ftp# iai«t 
,aa fill# aeeaipfiiag to tMs fl®ld 
Is ®toim girapliically in Hg, 15» 
lted@* smh m&dlfied loMtng oozdition tt it t# 
mmmitSf thmsta, mi MlmMom ®f a 
plp« as eoatiBttous fmotions of tlw pmp»rtl&$ ®f tli« pit® sai 
©f tli# i@il #f ^e!i the «M« fill® w#-
Qs/nocfo/us o/ /oass/ ve 
/Ore ss ore o/ 
sfcfefiu. 
i 
ii wm, iming m' with 't® 
%©•«! H aai XT axis, m tmmattgmti&n m. & fwter o# til® i»teg 
will wmml Its #€wpl#t« a®fl«etlon c,li®«#t@ifi»%ies» fig;#, M« 
ti0W» of one fwtoa? of fit fteg-t 
fli» X6% siiow® tii« ijosltioa •&£ 0# i,» Ce»t» of gfafiW-
#f a ifsy«tMsl mm-*-
; ffe# f©i» aoaeat any »Cfig» l€^ 
ia, til# irtsg, li® nil 
^5* 
m « # % * {fcaiailritei tlif||tel|lpl 
2 
m « w*cl-«osi) * % * ^*«4a^^c3*sia®) • 
ih9) 
ts iJi® of st^^nto® aad leading 
I 
- =  e^. 
t^ cyj 
tiungtrti .t@ m# tuof m&tm lift# 3?#»$i.ii 
*t.,» 'ftti »% A tit# «iiwati©3tt ## la^it 
^«ifei a l-# m / «3mii «»«» 
ftiae# 11 t,s in this ma%  ^ m imm M» * $« 
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ffeit ©f tiag'da «• yit anA Italts A 
isi  r®pr6s#nt Itaits » * t li^  # • S» ?@»p«istiwly« 
rl ^ 
'ffetn / ® Ittit » t* As r is a e@nst«at| w« tim% jf 
0. (50) 
la 50 prntting th®- falm &t M from, if* kft m ftt 
iw*'-
i5®s) 
swiimtiai 'bii#- m %m fim 
m te®(| - • i i$%} 
tofegtitilting, tilt df .Iji Mq* '*i S«t * «i 
1 i w p ^ i i n ^ i  #  
At t * I*. 1 * %• fl*a 
%: • i c.is| 
B  ^'!» t» polatt #a th# d#fl#etloa 
ewrr® @f th« ttug# t&e tolsmtal #f l 
til#, tt^ *nt t©, til#, i«fliietiott @i»w tt At whl^ li i» 
tiii i>« «3^3Ni«s«a a«t 
« A ^i^te., 
a 
is • r miM»f in'tfiffatioa a Siii -b 
limits t » i# t 
,ii« l»V#; 
% • ^  " sinsa®* (53) 
Siallsrly tta# wrtiesl ^isplaeement of A fTO* th® taugftfit, 




wfe«» s • tti. @%1« '•a^fetjieag fcsvt 
a« 'to 'tat#, or 
ft til haft 
.. 31 n§ ' • 
a - "  f e y j  ' ^ 5  
B> 53 substltnttng the valus of M from Sq. %9« 
•i#e- f «t 
st. " • !««•* • |w*bla'& 
* ^ te®iia®#c3'*siiit) Jsisam^m cf3») 
Sfslmttsg In# .53m mmi ''Va^ue of ii « w« get 
% • 6siI!33S^« * 
,8«l»t|ttt'fctag m tp St* ai^ •^rtlnatiag • 
"• «' 
Sp«igi#P'«s f^ wais f@? horijsontal .©f a 
t 
ftp#' enlwl siting' «»€« his w!i©a tli# 
iwaaiiif »c2.® tt ©ftiais 90^1 r^mm' % j ^ 
Bqs* 0 sai If fft ittiwtii tim 
.0  ^tallica 1  ^ tills Modified fieli load eonditios tM if angler* 8 
flll'-loffil l^^thesls. a mmpmibon wttfa 
4tt«' ikswf timt If#. f5' *tll e.l@s@# F@s»lts t# 'tifet 
ol»«tw©4 iftta tfaaa ©bt«ln«i fcr if* ff# 
' '%p.siigl«r, M. 0* .ftt ..itfuetural • i0»iga of tlexiblm ftp# 
#*a.WFts.#. • lova • Sasp-* ita* Btal» 1S» p« 29# 1^1. 
•*imi«, t* 26, 
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